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Hydraulics of Minimum Energy Culverts 
and Bridge Waterways 
C.J. APELT. F.I.E. Aust. 
SU.mARY The design of culverts  and bridge watenrays according t o  the  approach described variously as  
"minimum energy" and as  "constant energy" is suormarised. The hydraulics of the  flow i n  such waterways is 
discussed. Even though the  flow occurring can be qui te  complex, the waterways can be designed with simple 
calculations within certain l imitat ions.  Some of these l imitat ions a r e  discussed. Some r e su l t s  concern- 
ing energy losses i n  the  expanding par t  of t he  flow a re  presented. 
1 INTRODUCTION 
The approach t o  the  design of open channel trans- 
i t i o n s  which is variously described as  "minimum 
energy design" and as-  "constant energy design" w a s  
f i r s t  expounded by McKay (1971). The t i t l e  Of h i s  
report describes the design techniques a s  being 
"associated with the  concept of constant t o t a l  
energy and compatible specif ic  energy" and, i n  
retrospect, it is a p i ty  t ha t  the  lengthy t i t l e  was 
abbreviated t o  "Design of Minimum Energy Culverts" 
(for which the  writer  must accept responsibil i ty) ,  
because t h i s  description may have been a source of 
unnecessary confusion. Indeed, Porter (1978) found 
it necessary t o  preface t he  proceedings of a work- 
shop which discussed these ideas with a note on 
nomenclature which explained the  use of the  terms 
' b in ima  enerev" and "constant enerw" i n  t h i s  
", -, 
context. I t  appears t ha t  the confusion which has 
sometmes arisen from the  abbreviated description 
of the design technique has been a source of some 
of the controversy which has been associated with 
it. 
In t h i s  paper the  d e s ~ g n  technique a s  applied t o  
culverts and bridge waterways is swmarised 
according t o  the  w n t e r ' s  approach t o  it. The 
hydraulics of the  flow i n  such "minimum energy 
culverts" is then discussed. Although the  flow 
occurring can be qui te  complex, t he  waterways can 
often be designed with simple calculat ions based 
on the  assumption t h a t  the  velocity 1s uniformly 
d i s t r ~ b u t e d  across t he  flow cross-section, within 
certain l imitat ions.  Many have hccn designed 
follouinp, these procedures and observations of 
the i r  pcrformsncc mdicate that  i t  has been very 
sat isf&tory and generally In accordance with 
design calculat ions.  Nevertheless, there a r e  
limits t o  t he  performance of such waterways, 
part icularly with regard t o  the  maximum ra t e s  of 
contraction and of expansion of the  flow which can 
be achieved. I f  these l imi ts  a r e  exceeded the  
a s sap t ion  of uniform velocity distribution w i l l  
not be valid and the  simple design procedure w i l l  
be inadequate. 
ion o r  "fan" in to  t he  throat  or  bar re l ,  where t h e '  
width of t he  waterway is  smallest, and is   then^ 
expanded in  a streamlined out le t  t rans i t ion  o r  fan 
before it is f i n a l l y  released in to  the  channel 
dimstream, a l l  t h i s  being accoioplished with small 
energy loss.  T h e  designed waterway extends from 
the  upstream end of t he  i n l e t  fan t o  the  downstream 
end of the  ou t l e t  fan. A bridge waterway designed 
and co&truct.ed i n  accordance with these concepts 
is shown in  Figure 1. 
An essential  aspect of the  design is the  require- 
ment t ha t  the  i n l e t  and ou t l e t  fans must be shaped 
in  such a way tha t  t h e  flow passses through them 
without s igni f icant  form loss .  When t h i s  require- 
ment i s  s a t i s f i e d  the  energy loss through the  
structure is due mainly t o  the  boundary shear. I t  
is t h i s  aspect which is the  basis for  t he  descript-  
ion of such designs as having "constant ' t o t a l  
energy", the implication being tha t  energy loss  due 
t o  baundary shear is  negligibly Shall.  I n  fact ;  
e i t he r  explic.itly o r  implici t ly,  some energy loss  
is allowed for  i n  the  design. In many cases t he  
assumption has been t h a t  the  energy gradient through 
the  engineered waterway is the  same as tha t  which 
occurred previously i n  the  natural waterway. 
In essence. the  technioue under discussion seeks 760 lnrn 
t o  design culverts  and 'bridge waterways i n  such a 
way tha t  t he  flow in  the  upstream approach channel 
is contracted through a streamlined i n l e t  t r ans i t -  -==+--- 
(Paper C1401 submitted t o  The Ins t i tu t ion  of 
Engineers, Australia). Figure 1 Nudgee Road Bridge Waterway 
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1n many applications it is desirable to achieve a 
minimum width of waterway at the barrel or throat 
subject to the over-riding consideration that 
energy losses are to be kept small. This leads to 
the strategy of designing for critical conditiofis 
to occur in the section of minimum width, i.e. 
Froude number, F = v/(g'y)% = 1, where v is velocity 
of flow, y is depth and g is the gravitational 
acceleration. At critical conditions the, discharge 
per unit width is the maxim9 possible fbr the 
available specific energy, E = y + v2/2g, and the 
width of waterway and cross-sectional area of flow 
will then be a minimum. Typically, the specific 
energy available at the section of minimum flow 
area is increased by lowering the level of the 
invert below the natural ground surface, thereby 
achieving a further reduction in the minimum cross- 
sectional area of flow. 
The benefits inherent in a waterway designed 
according to the above principles are:- 
(i) There is no effect on flood levels upstream 
from the structure if the energy losses are 
as small as assumed. 
(ii) At the same time the waterway in the barrel 
or throat is minimised. 
(xil) The flow in the structure is streamlined, 
with little turbulence; erosion potential is 
low and surface protection can sometimes be 
minimal. 
Whether the listed benefits lead to such a struct- 
ure being the "best" for a specific application 
wlll depend on many factors which are beyond the 
scope of this paper. Discussion of them can be 
found In McKay (19711, Cottman (1976) , Porter 
(1978). 
2 DESIGN PROCEDURE 
It 1s necessary flrst to decide on the "design 
flood"; the discharge and the depth at which it 
flows at the site of the waterway. 
With the assumption of no energy loss through the 
structure, 1.e. constant total head, the waterway 
is designed to meet the requlred specifications. 
Usually, but not always, the design flood is 
carrled through the structure at critical condlt- 
ions everywhere and the cross-sectional shape is 
made rectangular. This makes calculation very 
simple and direct because of the relations at 
F = 1 viz:- 
y = 2E/3 ; q2 = gy: C (1) 
where y, is the critical depth and q is the dis- 
charge per unit width. Either the bed profile is 
spec~fied and the plan widths are calculated from 
the relations above or the plan shape is specified 
and the requred bed profile is calculated. 
In the lnlet fan where the flow is converging in 
plan and in the outlet fan where it is diverging, 
the udths of flow cross-section calculated by the 
abo-ess must be measured along the orthocon- 
-4o-the streamlines, which are usually curved in 
plan, as illustrated in Figure 1. If the plan 
shape of a fan is decided in advance the bed profile 
in the fan can be calculated directly. However, if 
the longitudinal bed profile in the fan is set m 
advance, determination of the correct plan shapes 
of the boundary streamlines and the orthogonals 
usually involves some graph~cal adjustment. In 
ather case the orthogonals to the streamlines 
should coincide -0fI"' of constant bed 
a 
u 
elevatio~ In the design of the fans it has been 
"foorrd- shapes of streamlines and orthagunals 
determined from flow-nets for two-dimensional 
irrotational flow give good results. The conditions 
in the fans are only approximately described by 
two-dimensional irrotatlonal flow but the results 
obtained from this approximation are usually 
significantly better than those obtained by any 
other simple procedure. 
In the final step, the energy loss through the 
structure is allowed for by tilting the whole 
geometry downwards in the direction of flow, 
usually by lowering each part of the ground profile 
by an amount propoitional to its distance from the 
inlet. More sophisticated adjustments can be made 
if detailed knowledge of energy losses in the 
different parts of the waterway is available. An 
alternative to the procedure described above is to 
estimate the total energy line at thebeginning or 
as thedesign proceeds and to use the relations (1) 
to give the width and final bed profile of the 
waterway immediately. 
Use of the one-dimensional notion of specific 
energy for design calculations of the waterway 
implies that the velocity distribution across each 
cross-section is essentially uniform, that the 
water surface is horizontal along the orthogonals 
and that the pressure distribution is hydrostatic. 
These assumptions wlll apply with good &curacy 
provided that, 
(i) the approach conditions upstream from the 
inlet fan are reasonable and the flow enter- 
ing the fan is reasonably well distributed; 
(ii) there is no flow separation in any part of 
the waterway; 
(lii) the radius of curvature of the streamlines 
in the fans is not too small. 
It may be possible to achieve a satisfactory design 
of waterway in circumstances where one or more of 
these conditions are not satisfied. However, in 
such a case the one-dimensional calculations can 
only be used Indicatively and model testing is 
requlred to confirm the design. 
The calculations of most waterways designed accord- 
ing to these ideas are carr~ed out for the design 
flow occurring at critical conditions but, in some 
cases, the flow is required to occur at sub-criticsl 
conditions. In such cases the calculations proceed 
in the same ray as described above, the only diff- 
iculty being the more complicated calculations 
required to determine the waterway cross-sectlon at 
subcritical tconditlons. Instead of the simple 
relations (11 which apply at F = 1, the more 
general expr<?ssion for speclfic energy must be used, 
E = y + vZ/2g = Y + q2/(2gy2) (2) 
For F < 1 there is an unlimited nmber of pairs of 
values of y and q which satisfy the equation (2) 
for each value of E, subject to the restriction, 
2E/3 < y < E and q < q, and the designer must 
decide which pair best suit his requirements. 
Ippen (1950) gave a thorough description of the 
procedures for designing transitkns in subcritical 
flow using the specific energy diagram. What 1s 
novel in the design approach under discussion is 
its emphasis on designing for flow at critical 
conditions. 
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3 THE HYDRAULICS OF W E  FLOW 
In the suarmary of the design procedure it was noted 
that certain conditions must be satisfied by the 
flow in the waterway if the simple one-dimensional 
calculations are to provide reasonably accurate 
results. Observations of scale models and of full 
size structures indicate that these conditions are 
closely approximated, provided certain limits are 
observed in the proportions and shape of the water- 
way. However, the flow occurring -in the waterway 
can become very complex if these limits are exceed- 
ed. The simplifying assumptions of one-dimensional 
flow are invalid if, for example, separation of the 
flow occurs or very strong curvature of streamlines 
causes significant departure from hydrostatic 
pressure distribution. These limitations are 
discussed below, some of the complications which 
arise.when the design procedures are applied to 
practical situations are examined and ways of 
dealing with them are described. 
3.1 Approach Conditions and the Inlet Fan 
In the upstream approach to the inlet fan the flow 
is in its natural condition and it must find it3 
way into the fan in an "uncontrolled" way. For the 
ow in the fan to he of satisfactory quality and 
be described reasonably accurately by the one- 
mensional calculations it is essential that the 
oachingfl~easonably welldistributed. 
e - f a s  convergmg~i<oint and €he-process 
convergence will tend to make it more uniform 
t the amount of cgnvergence is limited and can 
t be expected to cope with bad approach conditions 
the approach conditions are not satisfactory it 
is necessary to carry out works in that region to 
improve them. As pointed out by Cottman (in 
Porter, 19783, "not trilmning and flattening the 
stream-bed upstream of the entry fan, and over the 
full width, so that the approach flow can conform 
to the assumptions made by the designer" will cause 
unsatisfactory performance of a minimum energy 
structure. This will manifest itself in the form - - -  
of increased energy losses or reduc ca acity 
and sornetimes~in tne 0cu;~;nce-ude 
standing waves on the surface of the flow. 
In the approach flow the velocity distribution in 
the vertical is the fully developed turbulent 
velocity profile. Calculations in the structure 
assume the velocity to be essentially uniformly 
di~tr~buted in the vertical and in a waterway which 
is performing satisfactorily this tailoring of the 
velocity distribution is produced by the effects of 
the convergence imposed on the flow as it enters 
the inlet fan and then as it is further converged 
into the barrel or throat where the flow cross- 
section is minimum. The natural approach flow has 
the characteristics of boundary layer flow in which 
the boundary layer occupies the full depth. As this 
flow is converged into and through the inlet fanthe 
velocity distribution is made nearly uniform and a 
new boundary layer begins to grow from the beginning 
of the inlet fan. Convergence always improves the 
uniformity of flow. Nevertheless the amount of con- 
vergence available in the free;surface flows occurr- 
in in minimum energy structures is definitely 
limited. 
In going from the approach flow to the upstream end 
of the inlet fan the maximum contraction ratio which 
can occur in the vertical plane is 1.5:l for the 
case of very slow approach flow being accelerated 
to critical conditions at the beginning of the inlet 
fan. If the approach flow has significant velocity 
the vertical contraction ratio is reduced. The 
contraction ratio in the horizontal plane is, 
theoretically, unlimited but it is doubtful whether 
the horizontal contraction at this point has 
significant influence on the flow quality where it 
enters the inlet fan. 
In the inlet fan itself, flow is converged in a 
fully controlled fashion and it is appropriate to 
consider flow area contraction ratios. If the flow 
at the beginning of the inlet fan has been acceler- 
ated to critical conditions, further acceleration 
to achieve further reduction in flow area at crit- 
ical conditions can be achieved only by lowering 
the bed of the waterway. Thus, as the plan width 
of the flow cross-section is reduced the depth of 
flow increases. In a waterway of rectangular 
section im which F = 1 everywhere and the flow is 
Q, the width (B), depth (y) and cross-sectional 
area of flow (A) are uniquely related to the local 
specific ene:cgy of flow according to: 
The relations (3) 'show that B is reduced rapidly as 
E is increased by lowering of the bed level but 
that A is reduced much more slowly; contraction 
shapes which are dramatic in appearance in plan are 
associated wi.th much more modest area contraction 
ratios. Theoretically, there is no limit to the 
contraction ratios which can be used but practical 
considerations set upper limits which are quite 
modest. Cottman (in Porter, 1978) suggests that 
the maximum practical value to be used for the ratio 
Emax/%in is 5, which corresponds to a lowering of 
the-bed of the minimum cross-section by in amount 
more than four times the depth of the approach 
flow. For this ratio, the relations (3) show that 
Bmax/Bmin = 11.18 but Amax/Amin = 2.24 (4) 
As stated in Section 2, the orthogonal familles of 
streamlines and equi-potential lines of two-dimens- 
ional irrotational flow glve shapes which have been 
found to be suitable for the plan form and bed 
contour shapes of the inlet fan. However, it is 
necessary to decide separately the length of the 
fan since the same contraction ratio can be achiev- 
ed over a wide range of lengths from the one family 
of streamlines. The optmum length of mlet fan is 
the shortest for which the flow approxmates the 
two-dimensional condition without separation or 
unacceptable transverse water surface slopes. If 
the ratio of length/width of the fan is made too 
small the flow is no longer controlled by the plan 
shape of the fan and enters the fan as an almost 
parallel flow which chokes before it reaches the 
section of minimum width. Cottman (in Porter, 1978) 
suggests that the m~nimum satisfactory value of 
lesth/* the i n l p a n d  this is 
Trohahly a re~sonableguide. The inlet fan illus- 
trated in Figure 2 has length/hax of 0.44 and 
performed well in model tests. However, for reasons 
given in section 3.2.2 this inlet was designed for 
flow at values of F less than unity. 
3.2 The Barrel or Throat 
. ~ 
In some applications, the inlet fan leads into a 
length of waterway in which the width of flow cross- 
section is constant at its minimum value. This is 
usually the case for culverts and this length of 
waterway of constant width is described here as the 
"barrel". In other applications it is appropriate 
to converge the flow to a section of minimum width 
and then to expand it inmediately downstream. A 
waterway of this type is illustrated in Figure 2. 
The section with minimum width in such a waterway 
92 HYDRAULICS OF MINIMUM 
bridge 
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A 
n 
Section AA (Distortion 10:l) 
Figure 2 Settlement Shores - Flood Outlet B 
is described here a s  t he  "throat" 
3.2.1 Mi_nimum slope of barrel  
- 
Regardless of assumptions concerning the  energy 
loss through the  s t ruc ture  and.the allowance made 
for  it, *here is  a minimum s l ~ p e - @ ~ < ~ b s s e d  
for  the invert  of the  bar re l  i f  the  flow t h z = s i s  
tg:tiei-at:,F:-=-A. - '  ThTs i s  iefe-ma'mas-Tlie l i m i t  
slope (Chow, 1959). For steady uniform flow i n  a 
channel it can be shown (Apelt, 1965) t ha t  the  bed 
slope So and the  Fmude number of the  flow a re  
related by: 
where P is the  wetted perimeter of flow section and 
n is Manning's. For the  case F = 1, the equation 
(5) gives the  v a l i i i 5 f f h e  slop~TE@Uired i f  t he  
uniform flow is  t o  be at c r i t i c a l  conditions. I f  
the cross-section of the channel is rectangular the  
expression for  So i n  equation (5) has a minimum a t  
y/B = 116 with a value given by, 
The value of min So given by equation (6) for  F = 1 
is the  l l m i t  slope and is  the  same r e su l t  as  t ha t  
obtained by Rao E Sridharan (1970). I f  the  slope of 
the bar re l  invert  does not equal or  exceed t h i s  
rnlnimum value then c r i t i c a l  'conditions can not be 
achieved i n  the  barrel and the  simple design 
calculations described i n  sectlon 2 w l l l  be invalid.  
The preceding 'discussion is  based on f u l l y  developed 
uni$orm flow and it i s  reasonable t o  enquire t o  
what extent it applies t o  the flow i n  the  re la t ive-  
ly short channel of the  culvert barrel  where it is  
probable t h a t  t he  boundary layer is stil l  develop- 
ing and the  flow is not uniform i n  the  s t r i c t  
sense. There is evidence tha t  the  theory does 
apply in  t h i s  s i tua t ion  i n  the  problems encountered 
i n  the  model s tudies of a minimum energy culvert  
associated with the cooling water c i rcui t  of Glad- 
stone Power Stat ion.  The barrel  of the  culvert  was 
rectangular, 3.277 m wide, with bed slope of 5.78 
x lo-', and was intended t o  carry a flow of 24.1 
m 3 / s  a t  F = 1, the depth of flow being 1.767 m.  
However, i n  model t e s t s  a t  a scale o f  1:24 the  flow 
in the bar re l  was found t o  be sub-cri t ical  a t  a 
depth of 2.012 m with F of 0.82; the flow in  the  
i n l e t  and ou t l e t  fans, however, was very close t o  
c r i t i c a l  and the  water ievel i n  the  barrel  was 
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noticeably hlgher than it was immediately upstream 
and downstream in  the  fans. The value of n for  the 
mdel barrel was estimated a t  between ,012 and ,013 
and Equation (5) predicts  a corresponding range of 
F from 0.90 t o  0.83, whlch is  In surprisingly good 
agreerent wlth the  observed value. Equation (5) 
also shows t h a t  if the  deslen conditions a r e  t o  he 
- 
achieved, the value of n for  the  barrel  must be not 
greater than 0.011. 
3.2.2 Bridge p iers  i n  throat  
I t  is cleal-ly des i rable  t h a t  no obstruction be 
located i n  the  throa t  of the  waterway. However, in 
the  case of large waterways it m y  be necessary t o  
locate one o r  m r e  bridge p iers  i n  the  t h m a t ,  a s  
i l l u s t r a t ed  in  Figure 2. In  such case the bridge 
p iers  consri tute a fu r the r  contraction in  width. 
I t  i s  not possible f a r  the  flow t o  he a t  c r i t i c a l  
conditions i n  a throa t  section containing bridge 
piers  and also i n  the  unobstructed sect ions 
immediately upstream and downstream unless the  bed 
level i n  the  obstructed sect ion is lower than tha t  
immediatel:~ upstream and downstream. A similar  
s i tuat ion ex i s t s  i n  t he  case of multi-cell box 
culverts  where t he  effect ive width of waterway 
within the  culverts  is l e s s  than tha t  i n  the  fans 
immediately upstream and downstream because of the  
presence of t he  walls of each c e l l  o f t h e  s e t .  The 
change in  bed level  required t o  maintain c r i t i c a l  
conditions throughout t he  flow i n  these circum- 
stances is t h a t  necessary t o  provide the  minimw 
specif ic  energy i n  t he  obstructed section when 
c r i t i c a l  conditions e x i s t  i n  the  unobstructed 
sections upstream and downstream. If  t he  t o t a l  
effect ive reduction i n  the  width of the  waterway 
due t o  the presence of p iers  o r  culvert walls i s  
denoted, w ,  and the  unobstructed width is  B, 
a ~ ~ l i c a t i a n  of equations (3) shows tha t  t he  minimum 
- - 
specif ic  energy i n  t he  obstructed section, Ect, is 
related t c  t ha t  i n  t he  unobstructed width, Eta, a s  
follows, 
The required change i n  bed level can be calculated 
from equation (7) a f t e r  allowance has been made 
f o r  any ext ra  losses m to t a l  energy caused by the  
obstruction. It should be noted tha t  the  value of 
w should include the  ef fec ts  of any separation 
caused by lack of stream-lining of the  brldge p iers  
or  culvert walls. 
A prac t ia l  problem associated with the approach 
descrlbed above i s  t he  sudden change i n  bed level 
from the unobstructed t o  the  obstructed sect lon.  
McKay (1971) has shown how t o  convert t h i s  t o  a 
progressive change when the  obstruction 1s a 
continuous diaphragm by raking the  upstream and 
downstream edges of t he  obstruction over the  same 
distance as  the bed level  is changed. McKay 
descrlbed t h i s  procedure i n  the  context of the  
dividing walls of mult i-cel l  culvert bar re ls  hut 
exactly the  same approach is applicable t o  t he  case 
of a diaphragm bridge pier .  However, it Is not 
c lear  how the  technique could be adapted t o  t he  
case of bridge p i e r s  consisting of p i l e  bents, a s  
i n  the  case of Figure 2. 
I f  the  bed level  i n  the  obstructed sect ion is not 
made lower than t h a t  i n  the  unobstructed section, 
i .e .  i f  the  bed p r o f i l e  is continuous a t  a grade 
corresponding t o  t h e  estimated gradient of the  
t o t a l  head l ine ,  t he  Froude nrnober of the  flow w i l l  
be different  i n  t h e  two sections. I f  t he  Froude 
nmber of the  flow i n  the  unobstructed approach 
channel is F+ and t h a t  i n  the  sect ion containing 
the  obstruction is  Ft, assumption of constant 
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specific energy and use of the continuity equation 
leads to the result 
If the flow in the section containing the obstruct- 
Ion is critical so that Ft = 1 the Equation (8) 
simplifies to 
Similar results have been presented by Hsieh (1964). 
The relationship (9) is shown graphically in Figure 
3 whlcb shows the limiting Froude number of the 
approach flow when the conditions are critical in 
the s+ction containing the obstruction. In this 
application only the subcritical range would 
normally be used. It should be noted that the 
assumption of constant specific energy in derivation 
of equations (8) and (9) Implies that no extra 
energy loss is caused by the presence of the 
obstructiori. This will be a reasonable assumption 
only if the obstruction has a well-streamlined 
shape. 
3.3 Outlet Fan 
The function of the owlet fan is to decelerate 
the flow and expand it laterally before releasing 
it Into the natural channel downstream. Successful 
performance of the outlet fan is essential if the 
minimum energy structure is to operate with mall 
energy loss and if excessive scouring velocities are 
to be prevented. 
If the flow in the outlet fan is critical then the 
same relations (3) apply as were dxscussed for the 
inlet fan in section 3.1, provided, of course, that 
there is no separation and the velocity distribution 
is essentially uniform. It is impossible with 
present knowledge to predict with certainty when 
these conditions will be satisfied. A research 
programme is currently underway to define the 
characterist~cs of expanding free surface flow at 
and near critical conditions and some results are 
available (McMahon, 1979) but the understanding is 
not yet complete,. However, it is clear that it 1s 
more difficult to achieve rap~d rates of expansion 
and large expansion ratios in the outlet fan than 
it is to achieve rapid rates of contraction and 
large contraction ratios in the inlet fan. The 
reason for this lies in the difference between the 
characteristics of the boundary layers in the two 
fans. In the inlet fan the boundary layer is thin, 
hav~ng started in the vicinity of the upstream end 
of the fan, and the accelerating flow is associated 
with a favourable piezometric head gradient which 
Figure 3 Froude number in approach flow 
for F = 1 in throat with piers 
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ensures that the boundary layerswill remain thin 
and energetic. In contrast, in the outlet fan the 
expanding flow is associatedwith an adverse 
' gradient of piezometric head which combines with 
the boundary shear stress to decelerate the flow in 
the boundary layers. The boundary layers grow 
' rapidly in thickness and, if the ontlet fan is long 
enough, the boundary layer separates and the flow 
is no longer guided by the geometry of the fan walls. 
If separation occurs the velocity of flow leaving 
thcfan will be larger than that indicated by the 
one-dimensional calculations of section 2 and it 
will also have a non-uniform distribution. Both 
effects result in increased energy losses through 
the structu~te. 
As shown by relations (3) the area expansxon ratio 
in the outlet fan, A, i.e. AmaX/kn, is much 
smaller than the width expansion ratio, Br, i.e. 
bax/Bmin. For example, in the waterway shown in 
Figure 1, Br is 1.53 but the calculated value of AT 
at design flow is 1.15. The largest value of Br 
used in a minimum energy waterway to date is 8.56 
at Newington Bridge (Cottman, 1976) and the corres- 
ponding value of AT (calculated) 1s 2.05. The 
largest value of A, which has been measured is 1.78 
which is the value at design flood in the wrdel of 
Settlement Shores Flood Outlet B (Apelt, 1974), 
illustrated m Figure 2. 
3.3.1 Energy losses in outlet fan 
The evidence available indicates that energy losses 
In and at the exit from the outlet fan account for 
the greater proportion of the losses through the 
waterway. The energy losses In the outlet fan can 
be attributed to boundary shear, "form" loss in the 
expanding flow and exlt loss. 
The energy loss at the exit from the fan is due to 
the fact that the velocity at that location is 
greater than the velocity in the natural channel 
downstream. The loss of total head at the exit, 
AHe, will be approximately equal to the difference 
in velocity heads and, if the velocity in the 
natural channel is very much smaller than that at 
exit, this loss will be approximately equal to the 
velocity head at exit. If the flow in the fan is 
everywhere at F = 1, use of the relations (3) gives, 
in this case 
The energy losses in the fan itself can be deter- 
mined only by experiment. Some results from 
McMahon (1979) are shown in Figure 4 together with 
the relation specified by Equation (10). The data 
were obtained on expansions with straight side walls 
and with expansion angles of 160 and 25O. Within 
the range of the tests there is no significant 
difference between the data from the two different 
angles. In all cases except one, the value of F in 
the expansion was close to unity, ranging from 
0.876 to 0.996. The one exception is the case with 
the largest value of A, for which F = 0.587. The 
experimental data for head loss have been non- 
dimensionaljsed with respect to the velocity head 
at the minimum cross-section (the throat), as in 
Equation (10). The results for head loss between 
the throat and the downstream end show relatively 
small variaLion in the non-dimensional coefficient 
over the range of area ratio, A, which includes 
all likely practical designs. There is a tendency 
for the coefficient to decrease as A, increases. 
The maximum value is 0.35 near AT = 1 and the 
minimum is 0.18 near AT = 2.5. The average of all 
values is 0 28. 
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  he results for head loss between the throat and the 
channel downstream from the exit generally follow 
a pattern similar to but lying above equation (10). 
The difference between the two sets of values of 
head loss represents the exit loss, AHe, non- 
dimens~onalised as in equation (10). The experi- 
mental values for AHe follow the predictions of 
equation (10) quite well. The exit losses could he 
reduced substantially below those shown in Figure 4 
~f the outlet fan was extended downstream beyond 
the outlet rim into the region of sub-critical flow. 
If minimisatlon of energy loss is Of paramount 
importance it is often necessary to extend the out- 
let fan in this way. Theoretically, it is possible 
to extend and expand the outlet fan downstream until 
the velocity of flow has been reduced to that of the 
natural channel and, in this case, there would be 
no exlt loss. 
3.4 Off Design Flows 
~ l l  of the discussion to this point relates to the 
characteristics of the waterway when operating at 
design flow. It is inportant also to consider the 
performance of the structure when carrying flows 
less than and greater than the design flow. In 
order to determine the characteristics of the flow 
when the discharge differs from the design flow it 
is necessary to consider the stage-discharge 
relationship which is established in the natural 
channel downstream and how this affects conditions 
in the waterway. The following brlef discussion 
1s valid for many cases but it does not necessarily 
apply to all. 
At flows significantly less than design the water- 
way 1s usually divided into two zones. Most of 
the waterway is occupied by sub-critical flow which 
is controlled by the conditions at the exit from 
the downstream fan. Flow enters the upstream fan 
through a point of control at the entrance lip and 
accelerates to supercritical conditions before 
forming a small hydraulic jump where the deep 
sub-critical flow is encountered. As the discharge 
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increases, the zone of supercritical flow reduces 
in extent and the hydraulic jump is replaced by an 
undular standlng wave. At design flow, the region 
of supercrit~cal flow and the undular standing wave 
are eliminated. It is quite likely that the maxi- 
mum water level in the barrel or throat will be 
associated with a flow which 1s less than the design 
flow. Cottman (1978) has discussed such a case and 
~oints out ~ t s  ignificance with regard to the 
design level for the soffit of the bridge which 
crosses the waterway. 
At flows greater than the design flow a choke often 
occurs in the waterway at, or near, the section of 
minimum width. If this is the case, upstream from 
the choke the flow will be sub-critical while, 
downstream from the choke, the flow will accelerate 
and a short zone of supercritical flow will exist. 
Usually, undular standing waves form in this region 
and provide the means for converting the flow back 
to the sub-critical conditions which exist in the 
natural channel downstream. As with the case of 
flows less than design, calculation of the larger 
flows is made difficult by lack of data on energy 
losses and mdel testing has generally been necess- 
ary to check the performance at off-design flows. 
"Off-design" conditions also occur at the design 
flow itself if the estimate of energy loss used in 
the design of the waterway is significantly in 
error. If the waterway has been tilted more than 
is needed to account for energy losses then it 1s 
likely that conditions at design flow will be 
smilar to those described above for flows less 
than design. A short length of supercritical flow 
is likely to occur in the entrance fan, followed by 
an hydraulic jump or by an undular standing wave. 
If the slope given the waterway is too small, 
choking will occur at the design flow and condit- 
ions will be similar to those described above for 
flows greater than design. 
4 CONCLUSION 
A number of waterways designed *nth the one-dimen- 
sional calculations sunrmarised in section 2 have 
been built and the evidence available indicates 
that they perform well, confirming the satisfactory 
performance observed in model tests. However, it 
has been shown that in some cases a more sophistic- 
ated and detailed approach is necessary to achieve 
satisfactory design. More data are required con- 
cerning energy losses and the eharacteristics of 
expanding free surface flow. m e n  these have been 
obtained the application of the design method can 
be extended with confidence to even more challeng- 
ing cases. 
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